Covariance Estimates for Mutual Information Registration

Registration is the task of aligning a pair or group of images of the same region, acquired with some global mis-
alignment, such that voxels in the aligned images correspond to the same point in the scene. It forms a basic
component of most medical image analysis algorithms that involve comparisons across multiple image volumes,
for example multi-modality image segmentation, image-based monitoring of disease progression, and construction
of shape models across whole populations of subjects. Any registration algorithm requires three core components:
a similarity metric, a transformation model, and an optimisation algorithm. Registration is then performed by
applying the transformation to one image (the source or floating image), and optimising its similarity to the other
image (the target or reference image).

In recent years the most common similarity metric used in medical image registration, particularly where multi-
modality images are involved, is the mutual information measure. This measure is widely believed to be derived
from information theory, due to its links to Shannon Entropy. However, in recent work we have shown that mutual
information is in fact a biased maximum likelihood technique (see References). Elucidating the link between
mutual information and standard statistical procedures has several beneficial consequences. Additional insight is
gained into the theoretical origins and statistical properties of the algorithm. This may allow the identification of
equivalent but unbiased measures based on quantitative statistics. However, the most important consequence is that
it allows the application of the standard error estimation technique for maximum liklihood, namely calculation of
the minimum variance bound, producing estimates of the errors on the optimised transformation model parameters.
In fact, no quantitative use of the registration result can be made without such error estimates.

In order to confirm this interpretation, a mutual-information base rigid registration algorithm was implemented in
TINA. The transformation model consisted of nine parameters: three each for translation, rotation and scaling. A
Monte-Carlo study was then performed in which a pair of MR image volumes (one IRTSE and one T2-weighted)
of a normal subject were repeatedly registered. Random Gaussian noise was added to both images prior to each
registration. One thousand registrations were performed at each of ten levels of added noise, and the optimised
transformation model parameters were recorded. The covariances at each noise level were calculated in the usual
way, providing measurements of the errors achieved in practice. Finally, the minimum variance bound was applied
to the maximum likelihood interpretation of the mutual information measure in order to produce the theoretical
errors. Figure 1 shows the results. A close correspondence between the two quantities can be seen for all parameters
except for the scaling in the z direction, where low information content prevented the calculation of a stable
theoretical error estimate. A more quantitative comparison is provided by the Bland-Altman plot shown in Fig.
2. This shows the difference between the Monte-Carlo and theoretical measures in units of standard deviation (i.e.
the error on the error measurement), plotted against the average of the two measures. Once the data had been
presented in this form, paired t-tests were applied across the grouped translation, rotation and scaling results to
calculate the probability of equivalence between the theoretical and measured results. The t-test probabilities are
given in Table 1. None of the probabilities fall below 5%, showing that there is no statistically significant difference
between the measured and theoretical errors, and demonstrating in turn that the interpretation of the mutual
information measure as a biased maximum likelihood is valid.
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Figure 2: Bland-Altman plots of the estimated and measured (Monte-Carlo) errors on the transformation model
parameters. The upper and lower 95% confidence bounds are shown. The units on the abscicca are voxels x1073
for the translation and scaling parameters, and degrees x 1072 for the rotation parameters.

All
0.781

Rotation
0.180

Translation
0.755

Parameter
Prob. of agreement

Scaling
0.412

Table 1: Probabilities of agreement of the estimated and measured (Monte-Carlo) errors on the transformation
model parameters, calculated via. a paired t-test. All probabilities are within the 95% confidence limit, indicating
that no significant differences between the two error estimates were observed.



